
APPLICATION OF SOMMERFELD--MALYUZHINETS 

INTEGRAL TO DIFFUSION PROBLEMS IN WEDGE- 

SHAPED REGIONS WITH INHOMOGENEOUS BOUNDARY 

CONDITIONS OF THE FIRST AND SECOND KIND 
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A Sommerfe ld  - -Malyuzhinets  in tegra l  r ep resen ta t ion  is found which solves  unsteady diffusion 
p rob lems  in wedge-shaped regions .  

In the p r e sen t  pape r  we invest igate  unsteady diffusion p rob lems  (parabolic or  hyperbol ic  equations) for  
ze ro -va lue  init ial  conditions in wedge-shaped regions in the ease  of boundary conditions of the f i r s t  and second 
kind in the p re sence  or  absence  of a f i r s t - o r d e r  chemica l  react ion.  After  applying the Laplace t r a n s f o r m  
[1], these  p rob l ems  can be wr i t ten  in the fo rm 

L[v(r, r tx)]=O, O ~ r ~ c ~ ,  - - O ) ~ q g ~ @ ,  (t) 

v < o o ,  r = O ,  --q)~cp~, (2) 

v = O ,  r = o o ,  - - ~ q ~ ,  (3) 

1 00 =F~(r, ~t); 0~<r~<cr r (4) v=  FT (r, rO or  
txr 0(p 

where L = ( i / r )  (0/0r) [r(0/0r)] + ( 1 / r  z) (02/~?2) _pz;p is  a complex  number .  The solution of p rob lem (1)- (4) 
can be sought in the fo rm of a Sommerfe ld  - -Malyuzhinets  in tegra l  [2-11], i. e , ,  in the fo rm 

1 ~ exp {~r cos (q~ - -  a)} H (a) da. 
v (r, ~; ~)= 2--=T (5) 

7 

Here  the kerne l  exp{preos(go--(~)} sa t i s f i es  di f ferent ia l  equation (1); the contour y mus t  be such that boundary 
conditions (2)-(3) a re  sa t is f ied;  the function H(a ,  4~) is such that condition (4) is sa t i s f ied .  

In o r d e r  to fix the contour 3/it is sufficient to make the following change of var iable :  

Using (6) we bring (5) to the fo rm 

- - z=ep- -u ;  dz=da. (6) 

v (r, q; ,tt) = 2nil _ S exp {~r cos z} H (z + r dz. (7) 

~2 

The inhomogeneous pa r t s  of boundary conditions (4) -- the functions F~ ( r , p )  and F [  (r, p) --  ean be e x p r e s s e d  
with the aid of the Malyuzhinets t r a n s f o r m  [12]: 

I ~ exp{~xrcosz}f~(z, bt) dz; j = l ,  2; (8) F~: (r, p) -= '2~-~- 

~ ~ sin z i exp { ~  pr cos z} F~ (r, ~,) dr; ] = 1, 2. (9) I/ (z, ia) .... 2 
o 

Inser t ing  express ions  (7) and (8) into boundary conditions (4) and r e m e m b e r i n g  that 
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Or(r, ep; It) _ Itr S s inzexp{l irc~ (10) 
Oq~ 2:~i 

'V 

we obtain the fol lowing fo r  boundary  condi t ions  of the f i r s t  kind fo r  go = -T ~: 

1 ~ exp{ i t rcosz} IH(z -5 (p ) - -V~(z ,  I t ) ldz=O,  
2~i 

Y 

(11) 

and the fol lowing fo r  boundary  condi t ions  of the second  kind: 

1 ~ exp {Ixr cos z} [sin zH (z Jr (p) - - f2  ~ (z, It)] dz =0 .  {12) 

A n e c e s s a r y  and suff ic ient  condi t ion fo r  i n t eg ra l s  (11) and (12) to equal z e r o  is that  the e x p r e s s i o n s  in 
the squa re  b r a c k e t s  be even [8,9];  f r o m  this  we find the fol lowing funct ional  equat ions  c o r r e s p o n d i n g  to equa-  
t ions (11) and (12): 

tt(z~m)--H(--z T r  = 2f?  (z, N ,  ( i3 )  

H (z -T (I)) -5 H (--  z ~ (I)) = 2f~ (z, It)/sin z. (14) 

F o r  mixed  boundary  condi t ions ,  fo r  i n s t ance ,  the f i r s t  kind fo r  go = -~ ff and the second  kind for  go = -- ~ ,  we 
obtain the fol lowing equat ions :  

H (z + @) - -  H (-- z + @) = 2f, + (z/It), 

H(z--~)) +H(--z- -@) = 2f;- (z, N. 

All th ree  sys t ems  of equations (13)-(15) can be wri t ten compactly in the form 

(15) 

H (z -4- (D) --eiH (--z ~, @) = Q+ (z), (16) 

f l ( z - -  m) - -  e2H(--z--  m) = Q- (z). 

Here f o r v  = F i •  and go = •162  the quantit ies e i = s 2 =1 and 

Q+ (z)= 2~ (z, It), Q- (z) = 2fT (z, It); 

for  (1/#r)(av/Dgo) = F2 i ( r ,  p )and  go = • r  the quanti t ies  a i = e 2 =- -1  and 

Q+ (z) = 2f-~2 (z, It)/sin z, Q- (z) = 2f~ (z, It)/sin z; 

f o r  v = F l + ( r ,  #) and go = + ~, and fo r  (1 /#r ) (0v /0r )  = F~ (r, /~) and go = - - i f ,  the quant i t ies  e 1 = 1, e 2 = - - 1  and 

Q= (z) == 2f~- (z, It), Q- (z) = 2[~- (z, It)/sin z. 

Fol lowing [13-18] we seek  the solut ion of funct ional  equat ions  (16) in the f o r m  

/4 (z) := u (z) ~ (z). ( i7 )  

Inse r t ing  (17) into (16) g ives  the fol lowing funct ional  equat ions  

o (z ~ (D) - -  ~ (z ~ q)) = Q+ (z)/u (z -4- (I)), (18) 

u (z § (I)) - -  e~u ( - -  z + q)) = 0 ,  

u (z - -  (D) - -  e~u (--  z - -  (1)) = 0. (19) 

We have for the solution of Eqs.  (19) [18] 

e l = e , = l ,  u(z)==l, e l = e 2 = - - l ,  u(z)=cos(az/2CD), 

e l =  1, e 2 - - - 1 ,  u (z )=s in i .~ (z+O) /401 ,  

and the solut ion of (18) we seek  in the f o r m  of a s u m ,  i . e . ,  

(20) 

(2i) 
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Inserting expression (21) into (18) leads to the following inhomogeneous functional equations: 

(I x (Z ~, O) -- (Yl (-- Z -~ (1)) = Q+ (Z)/U (Z -~- f~)), 

o~ ( z - -  e) -- ~ (-- z - -  c~) = O, 

a., (z + @) -- ~ (-- ~ + ~) = Q- (z)lu (z-- (D), 

~ ( z - -  ~ )  - -  % ( - -  z - -  ~ )  = o. 

We note that Q+ (z)/u(z + r and Q- (z) /u(z-~)  are always odd functions. As shown by Tuzhilin [18], the 
solutions of functional equations (22) and (23) can be written, respectively,  in the form 

ol z,=sin,,/  ) , 
u ('r + ~) cos" ) cos ~ sin 

%( z)=sin'~ ~ - ~ - -  
Q- (x) sin (ux/2q)) dr 

~ T  7 ~ T  ' 7~Z ' 

where n and m are numbers such that Q+(T)/[U(T + ~) cos n 0rr/2~)] and Q- (T)/[U(T--~) cosm(~T/2~)] de- 
crease exponentially for I Im(T ) I ~ ~o and Re (T) = 0. 

Utilizing expressions (17) and (21), solution (7) can be expressed as follows: 

1 ~ exp {~r cos z) u (z + ~) io~ (z + ~) § a~ (z + tp--  2~)1 dz, v (r, +; ~ ) =  2u-----i 
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